Positive results for spline approximation in weighted space L p,w (X), (1 ≤ p < ∞ ) are obtained. In particular its show that the degree of best one-sided approximation in terms the k th local modulus of L p,w -continuity and Ditzian-Totic modulus of smoothness for f ∈ L p,w (X).
INTRODUCTION
One-sided approximation of function was first consider by G-Freud [1] , T.Ganetius [2] . They obtained the first non-trivial estimates of the best one-sided polynomial and spline approximation. Howraa [3] is to proved Whitney's theorem is well know, it was proved in (1952) by Burkill [4] for n=1 , p= ∞ in (1957) by Whitney for p= ∞ in [5] , in [1964] by Brudyuyi for(1 ≤ p ≤ ∞ ) in [6] and finally in (1977) by starozhenko for (0<p<1 ) in [7] .
The purpose of this paper is consider the pointwise estimates in terms of Ditzian-Totic modulus of smoothness are true for spline approximation in L p,w (X), thus in a sense completing the investigation of these types of approximation.
DEFINITIONS AND NOTATIONS
Let X = [0,1], we denote by L ∞ (X) [3] the set of all bounded measurable functions with usual norm
and L p (X) , (1 ≤ p < ∞) denote the space of measurable functions on X such that
Further, for δ > 0 the locally global norm of a function f is define by
Now, let W be the suitable set of all weight functions on X. Consider L p,w (X) the space of all unbounded functions over X such that | f (x)| ≤ Mw(x), where M is positive real number, which are equipped with the following norm
For δ > 0 and (1 < p ≤ ∞) the weighed locally global norm of f ∈ L p,w (X) is define by
Definition : [8] The k th locally modulus of smoothness for f ∈ L ∞ (X) is defined by
where the k th deference k h is defined by
Definition : [9] The k th ordinary modulus of continuity for f ∈ L p (X) is given by
Similarly, we can define the ordinary modulus of continuity for f ∈ L p,w (X) is given by
Definition : [9] The Ditzian-Totic modulus of smoothness for f ∈ L p (X) as
Also, we can define the locally Ditzian-Totic weighted modulus of smoothness for f ∈ L p,w (X) is defined by
where
Definition [10] :
. . , c n , x real of polynomials of order n has the attractive features see [10] .
we call P n ( ) the space of piecewise polynomials of order n with konts x 1 , x 2 , . . . , x k . The termmology in definition (5) is perfectly descriptive-an element f ∈ P n ( ) consists of k+1 polynomial pieces.
Definition : [10] Let be a partition of the interval [a,b] as in definition (5) and let n be a positive integer.
, where P n ( ) the space of piecewise polynomials defined in (5). We call S n ( ) the space of polynomial splines of order n with simple konts at the points x 1 , x 2 , . . . , x k .
Definition : [11] The degree of best approximation to given continuous function with respect to polynomial spline on interval X is given
While the degree of best approximation of a function f ∈ L p (X) with respect to polynomial spline of degree ≤ n on X is given by
Also, we define the degree of best weighted approximation to a given function f ∈ L p,w (X) with respect to polynomial spline of degree ≤ n on X is given by
The degree of best one-sided approximation of function f ∈ L p (X)with respect to polynomial spline of degree ≤ n on interval X is given bỹ
Moreover, the degree of best one-sided approximation of function f ∈ L p,w (X) with respect to polynomial spline of degree ≤ n on interval X is given bỹ
AUXILIARY LEMMAS
Lemma (3.1) [12] :
, where
where c is constant depending on p.
Lemma (3.3) [14] :
For f ∈ L p (X) , (0 < p ≤ ∞), we have i. ω k ( f , δ ) p ≤ c(p) ω ϕ k ( f , δ ) p . ii. ω k ( f , δ ) p ≤ ω k ( f , δ ) ∞ , δ > 0.
MAIN RESULTS
In this paper, we will get an estimation forẼ n,k ( f ) p,w . The estimation will be given in terms of k th local modulus of continuity and Ditzian-Totic modulus of smoothness. Now, we need the following lemmas :
Proof :
From lemma (3.1) and (3.2)(i)
By using lemma (3.2), we have
From the following lemma, we can found the relation between E n,k ( f ) p,w andẼ n,k ( f ) p,w .
Lemma (4.3) :
Let f ∈ L p,w (X), (1 ≤ p < ∞) and K = {0 = x 0 < x 1 < · · · < x n = 1}. Then E n,k ( f ) p,w ≤ 1 2Ẽ n,k ( f ) p,w .
Proof :
Consider s, s ∈ S n ( ) are the best one-sided approximation of f ∈ L p,w (X) such that
is the best approximation of f on X.
where c constant depending on p.
Consider s * ∈ S n ( ) is the best approximation of f ∈ L p,w (X) and s, s ∈ S n ( ) are best one-sided approximation of f ∈ L p,w (X) such that
Proof :
Theorem (4.6) :
Let f ∈ L p,w (X), (1 ≤ p < ∞). Theñ E n,k ( f ) p,w ≤ c (p) ω ϕ k ( f .δ ) p,w .
Proof :
By using theorem (4.4), lemma (4.1), lemma (4.2) and lemma (3.3)(i),(ii) we get
CONCLUSION
Degree of best one-sided approximation have been studied to approximation of unbounded functions in weighted space L p,w (X) , (1p < ) by spline polynomials in terms the k th local modulus of L p,w -continuity and Ditzian-Totic modulus of smoothness.
